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Reference [ 1 ] contains a study of the problem of motion of a rigid body
with one fixed point under the action of a Newtonian central force field.

The distance R from the center of forces to the fixed point is assumed
to be much larger as compared to the dimensions of the rigid body. Thus,
in a stationary reference system with the z-axis directed from the center
of forces to the fixed point and the x- and y-axes completing a right-
handed rectangular system, the projections Fx, F_, Fz of the forces acting
on an element of the rigid body will be to the second order of small
quantities

g 8 2
Fx=—1—?—dmx, FVZ'—dey, Fzz——gdm-{—ﬁg—dmz

Here g is the acceleration due to gravity at a distance R from the
center of attraction and z, y, z are the coordinates of the element.

Since the forces are potential and stationary, and the ideal constraints
do not contain time explicitly , the system of the equation of motion
leads to an energy integral

1 3
H= 5 (Ap® + Bg? 4 Cr?) + Mg (%o'Y1 + Yo'tz -+ zo"Ys) + 2‘% (A112B714?® + Cs?)

Here A, B, C are the principal moments of inertia of the rigid body,
%", y’, z’ are axes aligned along the principal axes of the ellipsoid of
inertia, xo', yo’, zo' are the coordinates of the mass center of the rigid
body, ¥y, ¥, Y3 are the direction cosines of the z-axis in the fixed
system, p, q, r are the projections of the absolute angular velocity w

on the axes of the moving system. If the generalized coordinates are
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chosen to be ¢, 4, 0, the Eulerian angles of spin, precession and muta-
tion, and the well-known formulas

p=1{¢sinBsing +bcosg, g =0sinbcosg—0sing, r="ycosd+ o
T1=sin0cosp, qgz=s8inbsing, v3=-cosH

are applied, then one can write the expression for the total energy of
the system in the following form

1 . . . .
H= 7 [A (¥8in6sin ¢ + 0 cos )2 + B (¢ sin 0 cos ¢ — 6 sing)2+C (¢ cos 6 4 ¢)?] -
+ Mg (xo’ sin 9 sin ¢ + yo' sin 0 cos ¢ -+ 3¢’ cos6) +
+ 53% (Asin?0sin? ¢ -+ B sin? 0 cos? ¢ 4 C cos?)

Since 1/ is a eyclic coordinate it corresponds to the integral

aL . . . .
;‘-E:P:A(q)sinesinfp+0coscp) sin 8 sin ¢ + B (¢ sin 6 cos ¢ — O sin ¢) 8in 9 cos ¢ -
+ B(Lf/ cos 0 4+ {») ¢os 6 = Apy1 + Bgyz + Crys = const
reflecting the constancy of the projection of the kinetic moment upon

the z-axis.

If p=0=0, p=1¢y, 0 =0, =1, are the solutions of the equations

OH _p OH_OH_0H_oH_,

¢ " og o6 O 98
then, as it is well-known, the equations of motion lead to a particular
solution

??=é=0y 6=60: P = o, q;=q.’01 ‘l’-‘—‘q:’c'—f-(p‘
which is called the permanent rotation.

The analysis of the equations shows that the axes of all permanent
rotations coincide with the z-axis and in the moving system are distri-
buted over the cone

(B —C) 2o"f27s + (C— A) yo'Ys71 + (A— B) 2’117, = 0 1)

which is analogous to the Staude cone [ 2] in the problem of the motion
of a heavy rigid body with one fixed point in a uniform gravitational
field.

Let us apply the Routh criterion [3 ] to the analysis. Regardless of
the fact that the Routh criterion gives in its formulation sufficient
conditions for conditional stability, Liapunov [4 ] maintained that in
relation to non-cyclic coordinates and all velocities the theorem gives
sufficient conditions for unconditional stability {5].

Thus, the angles 930 and 00 satisfy equations dH/d¢= 0, dH/dO= 0
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constructed on the assumption that p = B, ¢ =0 = 0. These equations
are

in 20 /3, B
sx; (_Rg_ °>+Mg(z0 cos 0sin @ + y," cos 0 cog p — z¢" sin6) = 0 )
(21
A-—B)sin2 zf B
( )512n @ sin <§]§_——°—>+Mg(xo sin 6 cos @ — ¥’ sin@sing) =0

where
K = Asin®6sin® o + Bsin®6cos?o + Ccos?b, m = Asin?¢ + Bceos?o—C.

The equation of the Staude cone in terms of the variables ¢, 0 is
obtained by eliminating from these equations the quantities in paren-
theses.

Note that the equations analogous to equations (2) for a rigid body
in a uniform gravitational field are obtained by replacing the quantity
3g/R - poz/kz by (- poz/kz). Therefore, the regions of possible axes
under study will be somewhat wider. Actually, if these quantities are
treated in every problem as an arbitrary parameter, then it can be seen
that in the problem under study it varies from 3g/R to — =, and in the
problem with a uniform field it varies from 0 to — oo.

The variable potential energy of the system is of the form:
P02 ’ e . ), , 3g
F =55 4 Mg (zo' sin 0 sin ¢ + yo’ sin 8 cos ¢ + 2o’ cos 6) + 55 K

The motion (a) will be stable in relation to ¢, 0, b, ¢, @ if the

function
2

2 a*F 5 9 0F 0 0tk

B = Gar D97 4 2 555, 0900 4 g 86

is found to be positive with respect to §60, 8¢, which will be the
case if, and only if

o2 BF BF_ F N
a9 — " Gg 0% (awe) >

These conditions are

3¢ 2 0?m?
m (7—-m>c0520+ %

3 N w?m? | . . .
y: B ) cos 20m - V4 sin% 20 — Mg (zo’ sin 8 sin ¢ 4 yo’ 8in 0 cos ¢ + 24" cos 0) | X

3 \ . 2 Q1 40 i 22 A__Bz
X[(A—B)(Ri—w’ c0s 20 sin? 0 + =20 squ’( ) — Mg sin 0 (x,’ sin © +

5in%20 — Mg (2’ sin 6 sin ¢ + yo’ sin 6 cos ¢ <+ 2" cos 0) > 0

-+ o’ cos tp)] — [—;— (';—g — mz) sin 20 sin 29 (A — B) -+ w?sin? 2¢sin20 sin2 6 I"{l —

2
— Mg cos (zo' sin ¢ + y, cos q;)]>0 (\w’:%)

Together with equations (2) they single out the stable permanent axes.
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The study of the general inequalities is very difficult. However, if
A= B, and zo’ = 0, then for xo' > 0, yo' > 0 and sin 00 > 0 they reduce
to the inequalities

, , ( cos26—sin®6 ) L[V me® T+ yo 3g j $in26 (A4 —C)2V a2, + yo'®
To > Yo, sin 6 ) " \sin6(4A—C) ' MR Ay’ 4 By,'?

The problem of the stability of permanent rotations of a rigid body
in a uniform gravitational field was studied in detail by Rumiantsev fe].
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